The present paper is devoted to the study a global aspect of the geometry of harmonic mappings and, in particular, infinitesimal harmonic transformations, and represents the application of our results to the theory of Ricci solutions and the Ricci flow.
INTRODUCTION
It is well known that there exists a connection between harmonic maps and Ricci flows due to the "de Turck trick" that modifies the Ricci flow into a nonlinear parabolic equation (see [1, pp. 113-118] ). On the other hand, it is well known that selfsimilar solutions of the Ricci flow are Ricci solutions (see [2, p. 22] ). At the same time, the vector field that makes a Riemannian metric into a Ricci solution is an infinitesimal harmonic transformation (see for the proof [3] ; [4] ). In this theory we see the unity of geometry and analysis.
In accordance with the above, the main purpose of the present paper is to make an observation of a function-theoretic nature in global differential geometry of harmonic mappings (see [5] - [8] ), infinitesimal harmonic transformations (see [9] ; [10] ), Ricci solutions (see, for example, [2] ; [11] ) and the Ricci flow (see, for example, [1] ). To implement this, our paper is organized as follows: In the second section of the paper, we give a brief survey of basic facts of the geometry "in the large" of harmonic mappings between Riemannian manifolds. In addition, we prove that the classical theorems on harmonic mappings are consequences of well-known assertions on subharmonic functions. Results of the third section of our paper with the title "Infinitesimal harmonic transformations" are obtained as analogs of results of the second section of the paper. In turn, the results of the fourth section which has the title "Ricci solutions" are applications of the results of the third section of our paper. In conclusion, we consider the evolution equations for the scalar curvature and the Ricci tensor under the Ricci flow.
The Bochner technique and its generalized version will help us to relate these various research topics. We must recall here that the classic Bochner technique is an analytical method to obtain vanishing theorems for some topological or geometrical invariants on a compact (without boundary) Riemannian manifold, under some curvature assumption (see [12] - [14] and [15, Chapter 9] ). The proofs of such theorems reduce to applying the Bochner maximum principle and the theorem of Green (see [12, p. 30-31] ). In the present paper we will also use a generalized version of the Bochner technique (see, for example, [16] ) and, in particular, we will use the maximum principle of Hopf (see [17] ), Yau, Li and Schoen results on the connections between the geometry of a complete smooth manifold and the global behavior of its subharmonic functions (see, for example, [18] ; [19] ).
Theorems and corollaries of this paper complement our results from [10] ; [20] - [23] and the results of other authors from [11] ; [13] ; [24] ; [25, p. 57 , then f is a constant mapping. Remark 2.1. We recall here that in the well known paper of Eells and Sampson [5] was proved the celebrated vanishing theorem on harmonic maps which state the fol- we definite its energy as (see [5] ; [6] ): [6] ).
At the same time, we can formulate an alternative theorem for harmonic maps from complete Riemannian manifolds to Riemannian manifolds with nonnegative sectional curvature (see [6] and [7, p. 25]  (see [9] ; [10] ). This formula is an analogue of the formula (2.1). In addition, we have proved in [10] that a vector field  is an infinitesimal harmonic transformation if and only if ( )
for the 1-form  corresponding to  under the duality defined by the metric g and the Hodge-de Rham Laplacian  (see [14, p. 158] ).
In accordance with the theory of harmonic maps (see [5] ) we define the energy density of the flow on ( ) g M, generated by an infinitesimal harmonic transformation  as the scalar function ( )
Then the Laplace-Beltrami
of an infinitesimal harmonic transformation  has the form (see [4] ; [21] ; [22] )
The formula (3.1) is an analogue of the formula (2.2) for the energy density ( ) f e of a harmonic map f. In this case, the following theorem is true. Kobayashi's monograph on transformation groups (see [25, p. 57] ) and Wu's proposition on a Killing vector field whose length achieves a local maximum (see [13] ).
As an analogue of Theorem 2.2, we can formulate the following theorem, which can be proved using the Bochner maximum principal (see [12, Theorem 2.2] ). Proof. For the proof we use the well known second Kato inequality (see [14, p. 380 
is the rough Laplacian and  is the 1-form corresponding to  under the duality defined by the metric g . It is well known that the rough Laplacian satisfies the Weitzenböck formula (see [25, p. 44 
for any tangent vector fields X and Y. Therefore, the second Kato inequality can be rewritten in the form
On the other hand, we have proved in [10] and [21] 
. This means that ( )  e is a subharmonic function. Therefore, the result given above is an analogue of the result which we showed in Theorem 2.3.
The following corollary is valid. Remark 3.5. Other properties of infinitesimal harmonic transformations can be found in our papers [4] ; [10] ; [21] - [25] . In particular, we proved in [10] that the set of all infinitesimal harmonic transformations on a compact Riemannian manifold ( ) g M, is a finite-dimensional vector space over ℝ. Moreover, the Lie algebra ( )
tesimal isometric transformation is a subspace of this vector space (see [10] ). We recall here that an infinitesimal isometric transformation (infinitesimal isometry) or a Killing vector field X on ( ) It should be noted that this proposition is a local result. . In General Relativity, there are investigations (see, for example, [31] and [32] ), where "weakened condition" of the form
It is of interest to note, that, in the case of compact ( ) g M, , the addition of conditions
to equation (3.1) implies that infinitesimal harmonic transformation  will actually be an infinitesimal isometry. Namely, the following theorem holds. If  is an infinitesimal isometry, it satisfies the following conditions:  is an infinitesimal harmonic transformation and
(3.11)
is compact and  satisfies the above two conditions, then  is an infinitesimal isometry.
Proof.
We have already shown that if  is an infinitesimal harmonic transformation, it satisfies (3.5) that equals to the first condition of our theorem. If, in addition,  is an infinitesimal isometry, then the equation 0 = Ric L  holds. To prove the converse, we may assume that M is compact. If  is an infinitesimal harmonic transformation then we have the differential equation (see [33] ) ( )
Using the Bochner maximum principal (see [ 
RICCI SOLITONS FROM INFINITESIMAL HARMONIC TRANSFORMATIONS

POINT OF VIEW
The main results of this section are applications to the Ricci soliton theory of the results of the third section of our paper.
Let g be a fixed Riemannian metric on a smooth manifold M . Consider the one-
that is generated by a smooth vector field  on M . The evolutive metric ( ) ( ) ( ) ( )
is a Ricci soliton iff the metric g is a solution of the nonlinear stationary PDF
where Ric is the Ricci tensor of g , g L  is the Lie derivative of g with respect to  and  is a constant (see, for example, [2, p. 22] ). To simplify the notation, we denote the Ricci soliton in the following way ( ) In [3] , we have shown that the following theorem is true. In conclusion, Corollary 3.1 implies the following assertion. 
